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1 Introduction
Recently, there has been growing interest in developing hybrid physical optics (PO) - inte-
gral equation schemes, both in the time and frequency domains [1, 2]. This paper presents
a fast hybrid physical optics - time domain integral equation (TDIE) scheme for analyzing
transient scattering from electrically large, perfect electrically conducting (PEC) objects.
The scheme requires the user to delineate regions on the scatterer where currents are com-
puted either using a TDIE scheme or by PO. In non-PO regions, currents are updated by
solving a time domain combined field integral equation (CFIE) by marching on in time
(MOT). Everywhere else, PO updates are effected by considering not only incident fields,
but also fields radiated by all currents on the scatterer. The computation of the latter fields
is accelerated by the plane wave time domain (PWTD) scheme [3]. Multiple PO bounces
are inherently captured by this formulation. Several examples that demonstrate the efficacy
of this solver will be presented.
2 Hybrid formulation
Consider a closed PEC object that resides in free space. In what follows, the surface of the
object is denoted by S; S− and S+ are surfaces that are conformal to S but located just
inside and outside S, and n̂ denotes the outward pointing normal to S. An electromagnetic




is impressed upon S. It
is assumed that the incident field is temporally bandlimited to fmax. The interaction of the
incident field with S induces a surface current J(r, t) that in turn generates the scattered
fields {Es(r, t),Hs(r, t)}. The surface is partitioned into two mutually disjoint regions
such that S = SPO ∪SMOT . Here, SPO denotes a region where the currents are computed






= Lc {J(r, t)} ∀ r ∈ S−, (1a)
Lc {J(r, t)} = −β/η0Le {J(r, t)} + Lh {J(r, t)} , (1b)










































= −β/η0n̂ × n̂ × Ei(r, t) + n̂ × Hi(r, t), η0 is the
intrinsic impedance of free space, β is a positive real constant, r and r′ denote the source
and observer locations, |R| = R = |r − r′|, and ∂τJ(r′, τ) =⇒ ∂J(r′, t)/∂t|t=τ .
As a first step towards analyzing scattering from S, currents for all r ∈ SPO and r ∈ SMOT
are represented using NtNPO and NtNMOT spatio-temporal basis functions, respectively.










In our implementation, the spatial basis functions are the popular Rao-Wilton-Glisson ba-
sis functions, while the temporal basis functions are shifted cubic Lagrange polynomials.
Substituting (2) into (1), and using Galerkin testing results in a set of equations that may be
written as




In the above equation, IMOTn,j = In,j∀ n ∈ SMOT , Fm,j = 〈fm(r),Vc〉|t=tj , and Zmn,j =
〈fm(r),Lc{Jn(t)fn(r)}〉. In a similar manner, the PO current may be computed using




where In,j = In,j for n ∈ SPO, Fm,j =
〈
fm(r), n̂ × Hi(r, t)
〉∣∣
t=tj
, ZPOmn,0 = 0.5 〈fm(r),
fn(r)〉, and ZPOmn,j = 〈fm(r),Lh{Jn(t)fn(r)}〉.
In our implementation of the hybrid PO-MOT scheme, seven point quadrature rules are
used for evaluating spatial integrals, and the time step ∆t = 1/(20fmax) ∗ γ where γ is a
number between one and two. The implicitness of scheme results in a sparse matrix system
that is solved iteratively for each time step. It is apparent that the cost of the overall scheme
scales as O(NtN2s ). This cost can be decreased by augmenting the above formulation with
the PWTD algorithm.
3 Hybridization with PWTD algorithm
The PWTD algorithm relies on a hierarchical subdivision of the scatterer; an oct-tree of
height Nl − 1 is constructed and all box pairs are classified as being either near- or far-
field in nature [3, 4]. All unknowns are mapped to lowest level boxes. Consider two basis
functions that are located in lowest level boxes labelled (αs, αo) that form a far-field pair.
Denote the closest point distance between these boxes as Rc,αsαo . It can be shown [3] that
if the time signature Jn(t) ∀n ∈ αs is divided into segment of duration T , then the field in
αo due to the sources in αs can be fully reconstructed provided that cT < Rc,αsαo − 2Rs
where Rs is the radius of the sphere that circumscribes the box. Indeed ∀ m ∈ αo, the field
can be written as a superposition of plane waves, viz.,





























where wkp are the quadrature weights for integration over the sphere [4], T̂ (k̂kp, t, M) is the




with o = {m, n} is the quantity similar to the Slant
Stack Transform [3]. In deriving the above equations, it has been tacitly assumed that Jn(t)
is bandlimited to fs > fmax. Equation (5) indicates that the fields can be reconstructed via
a three stage algorithm. Likewise, it is apparent that this scheme can be embedded within
itself, thus creating a hierarchical structure that is very similar to the fast multipole method.
With this background, the computational scheme proceeds as follows:
(i) Near Field Evaluation: At each time step, the contribution to the RHS of (3) arising
from near-field contributions is computed. Note that the number of basis function
that belong to SPO and that are close to SMOT is small. Also, there is no near-field
contribution to the RHS of (4).
(ii) Far Field Evaluation: The computation of these interactions is accomplished using a
three stage algorithm comprising aggregation, translation, and dis-aggregation steps.
Care should be taken that ∀ m ∈ SPO one computes 〈fm(r),Lh {Jn,l(r, t)}〉. This
is not a difficult task, as it is tantamount to computing the magnetic field at a set of
observation points. As has been shown before, the computational cost of all operation
is bound from above by O(NtNs log2 Ns). It is important to note that the evaluation
of the RHS of (4) is accomplished entirely using the PWTD scheme.
4 Results
Using the proposed scheme, scattering from electrically large examples have been analyzed.
In all cases, the incident pulse if chosen to be a Gaussian plane wave that is parameterized














, where p̂, k̂i,
and f0 are the polarization, direction of propagation, and the center frequency of the inci-
dent field, respectively. Also, ς = 6/(2πfbw) where fbw is the bandwidth of the signal. In
what follows, two representative results are shown: (i) a cone-sphere that is 1.225 m long,
0.47 m in diameter. The incident field is polarized along p̂ = ŷ, and propagating along
k̂i = −ẑ, and has a central frequency and bandwidth of f0 = 5.835 GHz and fbw = 3.89
GHz, respectively. The RCS extracted at 7.0 GHz is compared against frequency domain
data and shows excellent agreement. (ii) An almond that measures 10 m × 3.87 m × 1.29
m is subjected to a field that is p̂ = ŷ polarized, travelling in the k̂i = −ẑ direction, and
has a central frequency and bandwidth of f0 = 720 MHz and fbw = 480 MHz, respec-
tively. Again, comparison of RCS at 960 MHz with frequency domain data shows excellent
agreement.
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Figure 1: Comparison for the RCS with FD-MM solution (a) conical sphere (b) almond.
Black dashed line is FD-MM
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